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The Normal Force on a Planing Surface
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The steady-state dynamic normal force acting on a planing plate is calculated from the downward velocity KT
{the product of the freestream velocity and the trim angle) imparted to the virtual hydrodynamic mass associated
with the plate's cross section. This virtual mass can, in principle, be evaluated for any plate cross section,
although we currently have available values for only a limited range of shapes. When the chines are ahove the
still water level, anly the virtual mass term applies, When the chines are below the undisturbed water (““wet'),
the Rayleigh-Kirchoff free-streamline crossflow force must be added (o the virtual mass force. Despile the fact
(hai there are no ‘'constants determined from experiment,” the agreement belween theory and experiment, for
the cases tested, is found to be excellent. The theory breaks down For very short welted-length-to-beam ratios ui
low deadrise angles, because the virtual mass cannot be deflected through the Full trim angle . For flat plates the
luwer end of this region is defined by two-dimensional theorles to which a transition of the present theory is
suggested. The basic theoretical approach was first presented in 1974, when it was shown that the theory permits
the effect of pilch and heave transients to be computed, as well as steady-state forces for, in principle, any
planing surface shape and camber, and, in princlple, during maneuvers and in waves. The present paper ean-
stitutes a refinement of the analysis and, for the first {lme, a delailed comparison of its predictions with ex-
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perimental data for steady-siate plaging,

Nomenclature
A =aspect ratio = {/b for a flat plate
b =total beam
Cpe =crossflow [orce caefficient
C, =normal force coeflicient =R/ #3puisS

Cy, =dCg/dr

F  =Froude number on wetted length = u,Vgx,

g =acceleration due to gravity

h = height of a rectangular prism, defined in Fig. 1

f =distance between the transom heel and the point when

the keel intersects the still water plane

=distance between the transom heel and the point at
which the (piled up)} water intersects the keel

=maximum value of the virtual mass

=force normal to the planing surfacc

=plane of intersection with the water surface or the im-
age on that plane of the gefual water /hull intersection

= kinetic energy in the fluid

o =freestream velocity

=velocity normal to the freestream
x  =distance forward along the planing surface from the
transom heel

x, =distance of stagnalion line forward of the transom
heel, measured along the keel in the case of a hull with
deadrise

=semiwidth of the planing surfacc in water contact

=deadrise angle defined in Fig, 7

=mass density of the fluid

=trim angle
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Theory

HERE have been a number of attempts to calculate the

normal force acting on a flat planing plate—some empiri-
cal fits to test data and some based on analogies with wings in
an infinite fluid. Shuford' has provided a review of many of
these, all of which are either totally empirical, or have empiri-
cal correction factors. More fundamental approaches have
been reviewed by Pierson and Leshnover, ' and Mayo. 36
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The concept of “*virtual mass®’ is well established in hydro-
nautics. It was first employed to predict the moments on bod-
ies of revolution in an infinite fluid by Munk.? Jones? later
empleyed it ta calculate the normal force on slender wings, in
which he was followed by Ribner? in his calculation of stabil-
ity derivatives.

The first application to the planing problem was by von
Karman!7 who suggested that the impacl force on a seaplane
hull during landing was a function only of the verlical v. Fora
prismatic bottom of dead-rise angle 8 and immersion z, he
toak the semiwidth of the hull as scen by the water to be in-
stantaneously y=z/tan 3. Taking the virtual mass associated
with this (per unit length) to be Y4 pxy? (half the value for a la-
mina in an infinite fluid), he deduced that the vertical force #
on the bottom should be

_ pvimz
tan?g

Early tests of von Karman’s equation were found to yield
values that were teo low. Pabst ¥ sybsequently pointed that
this was because the velocity normal to the keel is not v but

vcosT+ u,sinT

T being the trim angle, and that, in general, the second term is
much larger than the first, With this correction, the theory
gave results of the same order as experiment.

Wagner '83! who did not reference any previous workers,
croployed essentially the same methedology, but in more
detail. Since he was using the virtual mass of a lamina, he
assumed Lhat the velocity of the free surface away from the
bottom would be the same as that past a flat plate in an infin-
ite fluid, and was thus able to compute its elevation. (While
Wagner’s surface elevation satisfies continuity,?” the arc
length of the surface does not satisfy the requirements of irro-
tationality.) This gave him a wetted width which was x/2
times the value of (¥} previously used by von Karman and
Pabst, so that his lorce was greater by /2 and his associated
mass greater by (x/2)?.,

Wagner's work was laler adapted by Pierson and Lesh-
nover I to the planing wedge problem, in a paper that has be-
come a classic. In between Wagner and Pierson and Lesh-
nover a number of workers (Mewes,’? Schmieden,??
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Sydow,? and Kreps?) suggested relatively minor changes,
mostly of an empirical nature, which could not be tested ef-
fectively against the meager and scattered data available at the
time.

In 1974 Payne® applied the concept to a heaving and pitch-
ing lamina, {following the lead of Ribner’s? analysis for slen-
 der wings) in order to siudy the “porpoising”’ (coupled pitch
and heave} instability of planing hulls. More recent studies
have been published by Zarnick 42 and Martin, 444

The concept is very simple, 1f 2 is the virtual mass per unit
length associated with a semispan y {m’ = pay? for a flat plate
in an infinite fluid) then the local normal force on the surface
is given byt

L ]
dx ~ dt M

where v is Lthe transverse velocity imposed on the virtnal mass.
Since, in general,

dx
? = —uyL0sT= —u, 2

7 being the local angle of the surface to the freestream velogity
vector u,, we may lransform Eq. {1} to

d'R dm’+m!£_ i d_’n.!.+m’ dU
dx di ET % ax de

3

The second term in Eg. (3) gives force proportional to heave

and pitch acceleration.® The first term gives the heave and -

pilch velocity dependent terms and a **steady state’’ term

dR ,dm’
— =Tl

dx ¥ dx

)

For the case of zero camber, we can integrate Eq. (4) im-
mediately to get, for the total normal force,

E-‘s dm’

R=—-TN5 de:mﬁmx’ (5)

4

v

where ' is the maximum value, occurring (usually} at the
maximum span. {For a discussion of this see p. 98 of Ref. 15.
Equation {5) merely states that R = mAv where # is Lhe mass
flow and Av the verlical velocily change imposed on it.)

If the surface is cambered the integrzl of Eq. {3) can be
written as

]

d
+m’ ET ]cos{r—rx)dx

% [ dm’ d
’ [T T m —T]dx for small (7 ,—v,)
dx

[ntegrating by parts, we obtain
R=uZr,m/
That is, the force is defined by the virtual mass at the

transom and the angle 7 through which it is deflected, a result
which we might have anticipated. As shown by Payne,’® the

tIn the usval notation, the kinetic energy of the fluid due to a
body’s rectilinear motion is T= bem’v? . Thus, if a force B acts on the
body in the direction of motion,

d¢ dt dt
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Fig. 1 Cross-sectional representation of parallel-sided planing plate.
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Fig. 2 Virtual mass of a rectangular prism in an infinite fluid (from
Taylor?), The ‘data points’* are from exact numerical computations
of Taylor, The curve is an empirical fit (o them.

principal effect of camber is to reduce the induced drag, the
maximum reduction possible being S0%,

A parallcl-sided planing plate can be approximately repre-
sented, in seelion, as in Fig. 1. To compute the normal force,
we¢ therefore need to know the virtual mass associated with the
plate and the cavity that it produces in the water. Unfortu-
nately, this is not yet known, although it will clearly be of the
order of #pwyZ. The best approximation in the literature is
for a rectangular prism, quoted by Kennard® and due to
Riabouchinsky’ and Taylor.® As shown in Fig, 2, an ac-
ceptable analvtic function for this is

m' fpry? =1+ ta\hs2y (6)
in an infinite fluid. For a planing plate we take half this value.
For a parallel plate with a stagnation line at a distance x,

from the trailing edge, the local value of & {including the mir-
ror image}is

2{x,—x)7

m’:yzp:ryz[1+ Vz,ﬂ%(xs—xl] (7

Substituting into Eq. (5) the virtual mass reaction force is

Thus,

AR = Ypulrtuy? [1 + %Nr;c:/_y} (8)
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The term #pujrmy? is the so called ““linear term’’ in slen-
der wing theory {reduced by one half for the planing problem)
and referred to by Payne® as the “‘stagnation line lift’’ term,
while

Gipud (i 32 x ¥

is a nonlinear term that has no counterpart in slender wing
theory. [1s occurrence in the theory explains why attempts to
curve fit functions like Cp = A7+ Br? or Cx =A7" have been
unsuccessful,
There is alse a “cross-flow term” not identified by the von
Karman/Jones analysis. In an infinite fluid we can see from
{4} that, if y is locally constant (dy/dx=0)} so that
dm "/dx =0, then dR/dx =0 no matter what the trim angle 7.
In fact, due to vortex shedding, there will be a local normal
force proportional to

Yepui-2y-sin’r (9)

In the planing problem there is no shed vorticity (the flow is
irrotational} and there is no known solution for the cross-flow
field. But when the plate is deep in the water it is reasonable to
assume that the crossflow can be approximated by the Ray-
leigh-Kirchoff free streamline flow around a flat platef for
which the plate force coefficient is

Cpe-=2m/{4+7) =0.88 {10)

For shallow immersions, the use of this value represents an
assumption only justifiable by the achicvement of good agree-

ment with experiment. [In so far as we can truncate the Rayl- -

cigh-Kirchoff flow and place an image above the surface
(there will be discontinuities in the first derivative} we note
with Taylor® that the special boundary conditions appropri-
ate to a free surface are antomatically fulfilled at an axis of
symmetry, for motion normal to the surface. This is also im-
plied in Wagner’s 1% analysis, of course. |

As noted by Shuford and other investigators, the value of
Cpe is reduced il the plale chines are not absolutely sharp,
due Lo partial flow attachment around them (Coanda effect),
[t is also possible to have plate planforms where the flow does
not separale from the chines at all, an example being a tri-
angular wedge, vertex forward?:22 and in this case we would
expect Cp- =0 from the well-known proof (hat the axial force
on a semi-infinite body is zero.

Figure 3 shows an effect not previously noted—namely,
that the virtual mass deflection force is also reduced by
rounded chines. An analogous reduction would be expecled if
the flow separates at the chines und then reattaches above
them, because the separation bubble would then become part
of the shape generating the virtual mass integrai.

Thus, finally the dynamic normal force coefficient on
wetted area (5} for a parallel-sided flat plate, following the
preceding reasoning, would be {for sharp chines)

R TAY [ -—J 2
I %paﬁS 2)55 + ZNITX_; /y faloy ( }

Clearly, as x,—0, Cz—co in this formulation, The model
breaks down as the limit is approached because, for short
wetted lengths x,, the full virtual mass m’ cannot in fact be
deflected through the angle {r}. Or put another way, the
virtual mass is less than the two-dimensional value for very
short wetted lengths.

jLamb,® Art. 76 gives this solution for a flat plate. Korvin-
Kroukovsky and Chabrow '# have presented solutions for the (deeply
submerged) free streamline flow past sorfaces with deadrise. For
deadrise angles 3= 10, 20, and 30 deg they pive Cpe=0.818, 0,796,
and 0.732, respectively.
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Fig. 3 Virtual mass for a square prism with radinsed corners (after
Taylor®).
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There is, in fact, a limiting value to the value of €,, which
we know to be for very small trim angles Cp = nr from the
work of Sedov!® and Squirc!! in their analyscs of a two-di-
mensional planing plate. More precisely, the small angle limit-
ing value is Cp —wf(F) where the function f{/) of Froude
number F*uo/vgx is always less than unity except in the
limit F— oo

For trim angles in excess of a few degrees €, is somewhat
less than =7/ (F). The only large angle solutions known to the
writer, those of Sedov '® and Pierson and Leshnover2” are for
infinite Froude number, although Payne!2 has suggested an
emnpirical Froude number correction based on small angle the-
ory, resulting in

27

Cp=
[w+cot - +tzmi log(colz i —1)} [1+ Ll _ﬁ.]
2 2 2 8 F?
(12)

We shall see later that there is little point in employing the
Froude number correction since Eq. (12} only applies in the
limit of £, /b—0 and hence F,— oo,
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Fig. & Comparison between iheory (Cp. =0.88) and experiment for
the flat plate ski tested by Wadlin and McGehee. " (Nominal wetted
lengih is given by the intersection with the still-water surface.)

We therefore have iwo models for the planing process. The
first is for high length-to-beam ralios, and the second is for
very low length-to-beam ratios. As a first order of approxima-
tion we mighl assume that the junction of ihese two regions
occurs where they both predict the same value of Cp, as in-
dicated in Fig. 4.

Thus we now have a model in which, when

O< (X /) <{x./)"
Cy is roughly constant with x,/y and when

(x,/¥) = (x,/p)"

C, falls with increasing x, /y in accordance with Eq. (11).

In practice, of course, there must be a smooth transition
between the two theories. Although the concept of “‘aspect
ratio” makes no sense in the context of bound vortices (the
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Fig. 8 A planing surface with deadrise.

flow is irrotational), it is ¢lear thal the sideways loss of water
from the spray root will reduce the lifl from the two-dimen-
sional value, as indicated by the transition curve in Fig. 4.

If only the stagnation line {orce in Eq. {11) were considered,
and the value of C,, = 7 were used for iwo-dimensional flow,
then the critical value of x, /y at which the theorics intersected
would be

(x./p}* =12 (13)

implying the surprisingly large aspect ratic of 4. In practice,
the critical value of (x,/y) separating the two regions is ob-
tained by cquating Egs. (11) and {12}, And on either side of
this critical value, either Eq. (11) or (12), as appropriate, gives
the normal coefficient.

So far several tests have been applied to the theory for flat
plates. The simplest was a triangular ski (vertex aft) tested by
Wadlin and McGehee. " In this case only the stagnation line
lift can cxist (no term in 777y because the maximum virtual
mass occurs at the slagnalion line. As Fig. 5 (taken from Ref.
14} shows, the agreement between theory and experiment is
generally excellent, The ¢oefficient based on nominal wetted
length (still water intersection) is low for r=4 deg because,
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Fig. 9 Virtual mass coefficient for a rhombic cylinder (afier
Taylor?),

with this type of surface, the water is depressed in front of it
at low trim angles, according to Wadlin and McGehee.

Figure 6 shows a comparison for parallei-sided ski with a
iriangular platform taper over its rear half. The data in Fig. 6
arc limited to cases when the triangular aft end is totally im-
mersed. The agreement between theory and experiment is
again considered to be excellent, Figure 7 shows a comparison
with the high trim angle flat plate data of Shuford.*

When the planing surface has deadrise, the situation will be
as shown in Fig. 8. For the chines dry case the width of the
nominal water intersection at the transom will be

x,7/tanB (14)

and, hence, from Eq. (3) the normal force will be

R=qulm
where
m/} = (Ypwy ) f(3)
and
_ T(r— 28} i
IB) = o7h [ [T(%+8/m)T(1-B/7) ]2 ’“"2’3]
from Taylor®§
FoNZ
. — 2 I3
..R—%puair( ang ) () (15}

§Ferdinande, ¥ who was apparently unaware of the work of Tay-
lor, ¥ presents values for m* which are over twice the flat plate values
for low values of @ and are lower than Taylor’s values at high deadrise
angles, He makes no comparisons with experiment, Bisplinghoff, 40
who was also unaware of Taylor's work, obtains the correct Tesult
using three different analytical procedures. He also cites Monaghan !
as having obtained cssentially the same result. Kreps®® quotes a
similar solution by Sedov and notes that f{3) =1 - 8/x very closely
for small angles. In fact, it is quite good for all angles.
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Table1 Values of f{5)

3, deg Sigy=m'iiipay?
g 0.94221
138 0.89031
36 0.80121
45 0.75660
54 0.71639

o7

NORMAL FORCE {OEFFICIENT ON WETTED AREA

o Lud3 1 | L | [
a° 5¢ 10 152 20° 25° 300
TRIM ANGLE IN DEGREES
Fig. 10 Equation (17) compured with the dry-chine data plane of
Chambliss 2nd Boyd.® (The theory is based on nominal water plane
inlersection area; the dala on actual (pholographed) wetted area,
which is greater at liarge trim angles,

Values of f{3) are plotted in Fig. 9 and listed in Table 1.
Dividing Eq. {15) by ¥2pu}b? leads to

R ar? fx N2
Con= 33 = i Yo (16)
and
_wfigr?
Cr= tang an
since

S=xIr/tanf

It is interesting to note that, from Eq. {17), Cp on the
welted area (actually the plane of intersection with the water
surface) is independent of wetted area. Since the shape is self-
similar, no matter what the scale (value of x /&) it would be
very surprising if this were not so, but the writer has not
noticed any use of this in the analysis of test data.

A second surprise is that C, ecr?, rather than linearly with
1, because the change of stagnation line sweep with 7 resulis in
an increase in aspect ratio with an increase in r, and an in-
crease in stagnation line lift. Since most investigators ' assume
a linear dependence a priori their difficulties in obtaining
good correlation are now understandable.

Actest of Eq. (17) can be made, but unfortunately not a very
precise one. The fairly recent data of Chambliss and Boyd?? is
presumably accurate, but no measurements of draft were re-
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corded in the data listing, so that the water-plane intersection
cannot be computed. Plotting C,, based on actual wetted area
(Fig. 10), therefore, gives data points which agree with the
theoretical lines at low trims, but are substantially under them
at high trims.

Shoemaker's*® data for deadrise angles 8= 10, 20, and 30
deg (Figs. 11-13)} do not suffer from this defect, but his ex-
perimental equipment seems to have been very crude (not sur-
prisingly, in 1934) so that the data are very scattered. But, as
Figs. 11-13 show, the theoretical lines do more or less pass
through the mean of his data points, and at least clearly vali-
date that Cgee7?,

Sottorf’s 23 flat-plate data is also useful in showing Lhe
Fig. 4 transition from two-dimensional flow to slender plan-
ing surface flow. In Fig. 14 we have divided his lift data (also
divided by cos 7) into Eq. (11). For aspect ratios greater than
unity we are clearly in the ‘‘slender surface’ region.

In Fig. 15, we have divided Sottorf’s data into Eq. (12)
without the Froude correction. The result indicates that two-
dimensional theory is strictly valid (as we would expect) only
in the limit of &/&~0. The **fairing’’ curve betwcen this limit
and slender surface theory is given by the empirical fit

CR2—D
= R-D 18
Cr I+kifh (8

where £ =3.7.

Pressure Distributions
A defect of a virtual mass theory of planing is that it docs
not enable a detailed pressure distribution to be calculated;
but it does not preclude an approximation, which is often
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Fig. 13 Shoemaker’s™ dry-chine data for a deadrise angle of 8 =30
deg.

adequate for engineering purposes. A typical approximation
for a flat plate (the simplest of several alternatives) is shown
in Fig. 16,

The equations presented for a flat plate, for example, give a
“stagnation line force,” a distributed virtual mass force, and
a distributed crossflow force. Since the pressure coefficient

Cp=Ap/ apu}
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cannot exceed unity (at the stagnation line) we can approxi-
mate the forward portion of the pressurc distribution as a tri-
angle,i.e.,

AR o= Vapuiyvix,

= Ypudrry? [ 1+ VBNTAX, /y] + Vepul2yax Cpor?

Ay
%73”2»\)73 —mr=10 (1%

which can be solved for Ax, /y. The rear portion of the pres-
sure distribution is given by

which leads to

Ax,
(1=2Cp-1%) —
¥y

! I dR T 732

Cp=— —— = ———— +Cpe7?
P72y vepui dx 8 Nw—wmsy
x> (x, —Ax,) (20)

Pressure distributions for two cases measured by Sottorf®
are given in Fig. 17 using this methodology. They are not un-
like Sottorf’s experimental distributions when his hydrostatic
pressure is subtracted. However, Sottort’s pressure data
should be treated with caution since his peak (stagnation}
pressures are between 24 and 32% of the actual stagnation
pressure associated with the towing speed.

J. HYDRONAUTICS

For a prismatic hull the stagnation line is swept back at an
angle to the flow of £ given by (from Fig. 8)

tanf =r/lan3

The velocity component normal to the stagnation line is,
therefore, tysing so that the maximum pressure coefficient is
approximately

Cpy=sin?f=r?/(r? +1an?f) 2D
Comparing Egs. {21) and (1 7) we see that the “form factor’’
B=Cp/Cpy

of the lateral pressure distribution may be greater or less than
unity, being less than one for combinations of small trim
angles and small deadrise angles. This generally agrees with
the meager static pressure data available in the literature (see,
for example, Kapryan and Boyd %),

Conclusions

1) To at least the same accuracy as empirical curve fits, the
steady-state normal force on a planing surface can be caicu-
lated from known hydrodynamic principles. It follows that
transient forces and moments due to heave and pitch rate and
acceleration can also be computed, as well as the effects of
geometric variations such as camber® and the change of
forces during maneuvers,® (The relalionship between virtual
mass and forces during transient molions in three degrees of

_freedom has been given by Sedov.?*)

2} For the chines-immersed case there is some loss of preci-
sion due to not knowing the exact virtual mass expression for
the cavity shape. Neither do we know the values for any shape
in nonsymmetric (maneuvering) motion. This should be recti-
fiable, since there exist both numerical schemes and electric
and mechanica! analogues for delermining the virtual mass of
arbitrary shapes. Alternatively, having established the validity
of the theory, we can work backward from experimental data.

3) Although the normal force on a two-dimensional flat
planing plate is Froude-number dependent, this does not ap-
pear to be the case for high length-to-bcam ratios,

4y Although there is a widespread belief that a knowledge of
the water surface elevation in the stagnation region is impor-
tant to the calculation of dynamic Lift (see, lor example, the
notablc studies of Pierson and Leshnover ¥) and that test data
should be nondimensionalized by actual (photographed)
wetted area rather than the nominal still-water intersection
plane, this is still an open question so far as the present study
is concerned.

Present indications are that this is only true for high-aspect-
ralio flat plates, where the available theory {Pierson and Lesh-
nover??) is derived in terms of wetted length rather than nomi-
nal intersection length, because the latier cannot be deduced
from the theory,

5) Crude approximations to the pressure distribution can be
derived, even though virtual mass theories notoriously pro-
vide little information on this aspect of the problem.

6) The normal force coefficient of a flat plate varies with
trim angle 7 as Ar+ Br?? + Cr2, The linear term is due to the
lift developed at the stagnation line, which (for a flat plate) is
always normal t¢ the flow, For a surface with deadrise, in the
chines-dry case, Cp varies as A72. There is no linear term like
that of the flat plate because the sweep of the stagnation line
changes with changing trim. That is to say, with increasing
trim the stagnation line becomes less swept (which increases
its lift) and the aspect ratio of the wetted plane increases. Pre-
sumably a term like 7#/? would be added when the chines are
immersed, but this cannot be resolved until the virtual mass
for the appropriate cavity cross section has been determined;
perhaps using the work of Korvin-Kroukovsky and Cha-
brow ' a5 a starting point.
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